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This study is to find the analytic solution for determining the optimal capacity (lot
size) of a multiproduct, sequential, multistage production and inventory system to meet
the finished product demand. It overcame the limitation of the classical lot sizing method
developed based on the single product and single-stage assumption. The superstructure
of the plant consisted of a network of serially and /or parallel interlinked batch processes
and storage units. The processes involve chemical reactions with multiple feedstock
materials and multiple products, as well as mixing, splitting, or transportation of materi-
als. The objective function for optimization is minimizing the total cost composed of
setup and inventory holding costs, as well as the capital costs of constructing processes
and storage units. The resulting simple analytic solution can greatly enhance the proper
and quick investment decision for the preliminary plant design problem confronted with

diverse economic situations.

Introduction

Intermediate storage constitutes important equipment to
mitigate the material flow imbalance of feedstock materials
and intermediate products in order to meet finished product
demand. Yet, a 1971 study of U. S. refineries showed that
22% of the process unit costs were related to storage. Addi-
tionally, inventories represented about 23% of total assets of
the average chemical process industries (Kalis, 1986). In-
creasing storage facilities is no longer a desirable option be-
cause of environmental and safety concerns, as well as space
shortage and increased land value. Modern storage facilities
implement advanced and sophisticated automation systems
for the accurate quality control and, therefore, the construc-
tion and operating costs of storage facilities are substantial.
However, reducing storage capacity can be an extremely
painful step in operational practice. A storage capacity short-
age can cause many unusual difficulties through the supply
and demand chain such as lost sales, feedstock or intermedi-
ate product shortage, frequent schedule change, and so on.
In principle, there must be an optimal point of storage capac-
ity, although it may be very difficult to find.

At the early stage of plant design, designers would like to
determine a quick and rough estimate of process and storage
capacities to meet estimated finished product demand. The
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classical economic lot size model, the so-called Economic Or-
der Quantity (EOQ) or Economic Production Quantity (EPQ)
model, is most appropriate for this purpose. However, the
EOQ/EPQ model gives unreliable predictions when it is ap-
plied to a multiproduct, multistage system. The designers
should segregate the multiple stages into many single stages
and aggregate the multiple products into a single product be-
cause the EOQ/EPQ model was originally developed on the
basis of the single product and single stage assumption.

Analytical models are effective tools for intermediate stor-
age analysis. Karimi and Reklaitis (1983) developed analyti-
cal results for the case of limiting storage volume in serial
systems composed of arbitrary configurations of batch, semi-
continuous, or continuous operations. They extended their
results to the multiple input/multiple output intermediate
storage structure (Karimi and Reklaitis, 1985a), as well as the
parametric variation case (Karimi and Reklaitis, 1985b,c). The
main idea of their development was to assume periodic mate-
rial flows, which enabled the use of powerful Fourier series
properties. The same method has been applied for the case
of periodic material flow including periodic production fail-
ure by Lee and Reklaitis (1988, 1989).

This study deals with the development of a compact analyt-
ical solution of the optimal lot sizing problem for a multi-
product, sequential multistage production and inventory sys-
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tem with serially and parallel interlinked storage units and
processes. The processes involve chemical reactions with
multiple feedstock materials and multiple products, as well as
mixing, splitting, or transportation of materials. A systematic
approach to this design problem can be found in the chemi-
cal engineering literature as given by Modi and Karimi (1989).
A very detailed batch processing and intermediate storage
model was introduced, and the resulting mixed integer non-
linear programming formulation was solved by heuristics and
mathematical programming techniques. By contrast, to the
very limited publication in the chemical engineering litera-
ture, the operations research literature is very extensive since
the EOQ model has been developed in the early 20th cen-
tury. The fundamental ideas are summarized well in Muck-
stadt and Roundy (1993). The basic assumptions on extend-
ing the single stage EOQ style model to the general multi-
stage system are summarized as stationary (periodic opera-
tion), nested (synchronized operations among stages), and
power-of-two (operation period is a multiple of two times the
basic operation period). Under these assumptions, an approx-
imating near optimal solution can be developed which is
probably within 2% of optimality gap. However, the solution
does not guarantee feasibility. Recently, Teo and Bertsimas
(2001) suggested a feasible algorithmic solution within a 2%
optimality gap. Among the above assumptions, the nested-
ness and power-of-two assumptions are of questionable ap-
plicability to the chemical processes. The key difference be-
tween the results in Muckstadt and Roundy (1993) and the
results presented here lies in two facts: (a) We consider the
time delay which occurs when materials pass through pro-
cesses and, therefore, the dispatching timing at each storage
site is an important decision variable in this study. (b) The
process model used in this study can accomodate the chemi-
cal reaction from multiple feedstock materials to multiple
product materials, which usually happens in chemical plants.
In related research, Karimi (1989, 1992) suggested several
feasible and optimal algorithmic solutions to the problem
without the nestedness and power-of-two assumptions for a

serial multistage system. He pointed out the importance of
an initial dispatching time delay between stages. It is one of
the results of this study that the optimality of plant design
will be realized not only by selecting optimal equipment ca-
pacity, but also by selecting optimal initial dispatching time
delay between stages.

Figure 1 summarizes the difference in the process descrip-
tion between the EOQ related models in the operations re-
search literature and the PSW model in this study. The EOQ
model only deals with the process with a single feed and a
single discharge stream as shown in Figure la. We introduce
feedstock composition (Bill Of Materials) and product yield
parameters to describe the chemical reaction with multiple
feedstock materials and multiple products, as shown in Fig-
ure 1b.

We address a batch-storage network and exclude the de-
tails of the operational or design constraints. Instead, we fo-
cus on obtaining a compact set of analytical solutions. This is
very useful at the preliminary conceptual design stage, be-
cause in the early stages of plant design, detailed information
is not yet available. Thus, a rigorous detailed model may be
of limited value. At the early plant design stage, it is common
that the managerial or strategic decisions are changed due to
uncertain market information. Consequently, the subsequent
design work requires repeated revision. In this situation, a
simple analytic solution has great advantages in responding
to a very diverse range of managerial decisions.

We use a periodic square wave (PSW) model, which was
developed in our earlier work (Yi and Reklaitis, 2000). The
PSW model is suitable to describe the material flow of highly
interlinked batch-storage systems. The PSW model has been
successfully applied to the optimal design of multiproduct
single stage production and inventory systems in Yi and
Reklaitis (2000). The reported analytical solution reduces to
the EOQ/EPQ equation when it is applied to a single prod-
uct single stage system. The optimal lot size calculated by the
PSW model is much smaller than that given by the EOQ/EPQ
model. The present study is an extension of the previous work
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Figure 1. Difference of process representation between EOQ model and PSW model.

1738 August 2002 Vol. 48, No. 8

AIChE Journal




of Yi and Reklaitis (2000) to the sequential network structure
of batch-storage systems.

Motivating Plant Design Example

We will introduce a motivating plant design example to
emphasize the importance of this study. The plant is com-
posed of two raw materials, two reactors and two products,
as shown in Figure 2. Two raw materials and products are
stored in their own dedicated storage units. The first product
is produced from a 80:20 ratio of the two raw materials, and
the second product is produced from a 85:15 ratio of the two
raw materials. The inventory holding costs of raw materials
and products and the processing setup costs of the two reac-
tors are denoted in Figure 2. We would like to determine the
optimal size of the reactors and storage units.

The EOQ method is the current industrial practice for this
design problem. When we use the EOQ model, the size of
first reactor is

2(Setup Cost)(Average Flow Rate)
(Product Inventory Holding Cost)

_[2(75)(38.400) P
|~ (0.65)

The EOQ model does not consider the effect of raw materi-
als at the above calculation, however, as will be shown the
PSW model does. When we use the design equation derived
from the PSW model in Yi and Reklaitis (2000), the size of
first reactor is

Table 1. Optimal Equipment Sizes Calculated by EOQ
and PSW Models

EOQ Model PSW Model

Raw Material 1,957 1,957
1 Order Size

Raw Material 108 108
2 Order Size

Raw Material 1,957 3,018
1 Storage

Raw Material 108 343
2 Storage

Process 1 2,977 820

Process 2 1,897 476

Product 1 2,977 820
Storage

Product 2 1,897 476
Storage

The equipment sizes calculated by the EOQ model and the
PSW model are summarized in Table 1. The observation that
the reactor sizes calculated by the PSW model are much
smaller than those of the EOQ model indicates the possibil-
ity that the EOQ solution may not be optimal. Also, the ob-
servation that the storage sizes calculated by the PSW model
are greater than those of the EOQ model indicates the possi-
bility that the EOQ solution may not be feasible within stor-
age limits. Note that two models gives the same purchase lot
size because the EOQ model is a subsystem of the PSW model
structure.

The above example is a single-stage problem. For a multi-
stage problem, each designer will produce a different solu-

2(Setup Cost)(Average Flow Rate)

2(75)(38,400)

/

(X(Feed Comp)(Feed Inv Hold Cost) + X(Prod Yield)(Prod Inv Hold Cost)) N

=820L

/

(0.85%0.5+0.15*50+0.65)
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Figure 2. Motivating example plant design problem.
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tion by using the EOQ model, because the multiple stages
can be segregated into many single stages in many different
ways in order to meet the EOQ model conditions. Obviously,
the EOQ solution for the multistage system will be far from
optimality.

The approach taken in this study is not much different from
that of EOQ model development in spite of the improved
modeling accuracy. In this study, we will prove that the de-
sign equations for multiproduct, single-stage system derived
in Yi and Reklaitis (2000) are still held as a subsystem of a
general multiproduct, multistage system. For the single-stage
system in our previous work, average material flow rates
through processes and storage units were already known pa-
rameters. However, the average flow rates are considered as
variables in this multistage system. In the previous work, we
confined the network structure to the case in which the num-
ber of processes was equal to the number of products, how-
ever, in this study, we will enlarge the network structural
scope to include the case in which the number of processes is
greater than the number of products.

In the following section, we will define the parameters and
variables of the batch-storage network structure. We assume
that the material flows between processes and storages are
periodic square wave shaped. Then, we can calculate the cur-
rent inventory holdup of each storage unit by using the PSW
model. The special properties of the PSW model provide the
average and upper/lower bound on the inventory holdup. By
using these equations, we can construct a nonlinear optimiza-
tion model to minimize the total cost consisting of setup costs,
inventory holding costs, and equipment capital costs under
the constraints of no holdup depletion in all storage units.
The design variables are processing cycle times, average ma-
terial flow rates, and initial delay (dispatching) times. As will
be shown, it is possible to find the analytical solution of
Kuhn-Tucker conditions of this complicated nonlinear opti-
mization problem. Based on the optimal solution, we will
suggest a simple optimal design procedure. The assumptions
necessary to obtain the analytical solution are summarized as
follows:

(a) Material flows are periodic square wave shaped.

(b) Finished product demands are an arbitrary periodic
function.

(¢) No stock-outs are allowed in all storage units.

(d) Feedstock compositions (Bill Of Materials), product
yields, and transportation time fractions are constant param-
eters.

(e) Processes get all feedstock materials at the same time
and discharge products at the same time.

(f) The number of processes is greater than or equal to the
number of products.

(g) A similar process group consists of the set of processes
that have the same product yields. The processes in the same
similar group have the same feedstock compositions.

More detailed explanations of these assumptions will be
provided in subsequent sections.

Definition of Parameters and Variables

A chemical plant, which converts raw materials into final
products through multiple physicochemical processing steps,
is effectively represented by the batch-storage network, as
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Figure 3. Superstructure of batch-storage network.

shown in Figure 3. The circles in the figure represent storage
units, the squares represent batch processes, and the arrows
represent the material flows. Each process requires multiple
feedstock materials of fixed composition and produces multi-
ple products with a fixed product yields. Each storage unit is
dedicated to one material. Multiple storage units that store
the same material are considered as one storage unit. The
storage index is j(n) where the stage index n (n=1, 2, ...,
N +1) is numbered from left (raw materials) to right (finished
products) in Figure 3 and j (j=1,2, ..., | j(n)]) is numbered
from the top circle to the bottom circle in Figure 3. There-
fore, the raw material storage index is superscript j(1) and
the final product storage index is j(N+1). For example, the
size of storage j(n) is V. Figure 4 presents a more detailed
configuration of the n-th stage. The material consumption
processes of the n-th stage are denoted by subscript i(n) (i =1,
2, ..., li(n)]) from the top square to the bottom square in
Figure 4. For example, the batch size of process i(n) is de-
noted by B, The processes denoted by subscript i(n) are
confined within the plant boundary. Both raw material pur-

Figure 4. The n-th stage.
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Figure 5. Flow of periodic square wave model.

chase and finished product sales, which connect the plant with
the outside world, are denoted by superscript j(1) and j(N + 1),
respectively, with subscript k&, m where k denotes the sup-
plier and m denotes the customer index. For example, the
purchasing lot size of raw material j(1) from supplier k is de-
noted by B/" and the sales lot size of finished product j(N + 1)
to customer m is denoted by B/N*D The number of con-
sumption processes in the n-th stage is denoted by |i(n)| and
the number of storage units in n-th stage is denoted by | j(n)|.
The number of suppliers for raw material j(1) is denoted by
|kj(1)| and the number of customers for finished product
j(N+1) is denoted by |mj( N +1)|. The feedstock materials
of process i(n) are the intermediate products stored in stor-
age j(n), and the feedstock composition (Bill Of Materials) is
denoted by f}"), as shown in Figure 1b. The product indices
of process i(n) are the intermediate products stored in stor-
age j(n+1), and the product yield is denoted by fi%* ", as
shown in Figure 1b. Obviously, the sum of f;") with respect
to j(n) and the sum of f/"*" with respect to j(n+1) are
unity. The feedstock composition and the product yield ma-
trix are assumed to be known constants. The material flow
from process to storage (or from storage to process) is repre-
sented by the PSW model, as shown in Figure 5. The mate-
rial flow representation of the PSW model is composed of
four variables: the batch size B;,,, the cycle time w;,, the
transportation time fraction x{},’,’f D and the initial delay time
tjn* V. The transportation time fraction is the fraction of
transportation time over cycle time. The initial delay time is
the first time at which the first batch is fed into or dispatched
from the storage unit. The material flow of raw material pur-
chased is represented by order size BV, cycle time w/®,
transportation time fraction x/V, and initial delay time ¢/,
All transportation time fractions will be considered as param-
eters of which the other will be the design variables used in
this study. The material flow of finished product sales is rep-
resented by BIN*'D @/N+D | R JNTD VD i the same
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way. The arbitrary periodic function of the finished product
demand forecast can be represented by the sum of periodic
square wave functions with known values of B/(N "D, ¢/ N+
xJNHDINFD (Yi and Reklaitis, 2000).

Nonlinear Optimization Model of Plant Design

The feedstock flows from predecessor storages and the
product flows to successor storages are, of course, not inde-
pendent. One production cycle of the batch process is com-
posed of feed time, process time, and discharge time. In real-
ity, there may exist sequences of feedstock feeding operations
or product discharging operations, and the sequences depend
upon the material transportation system design such as the
pumping and piping network. Therefore, the material trans-
portation times may not be the same even within a particular
stage, in general. However, at the early design stage, such
information is not available because the material transporta-
tion facilities are not designed yet. Without loss of generality,
we, thus, assume that the feedstock feeding operations to the
process (or the product discharging operations from the pro-
cess) occur at the same time and their transportation time
fractions are the same among feeding or discharging flows.
That is, the superscript j is not necessary to discriminate the
feedstock or product storage units under the following nota-
tions
e =t oy D =ty s XlGy = X0, MGV =GP (D)
Then, from the fact that one production cycle in a process is
composed of feedstock feeding, processing, and product dis-
charging, there exists the following timing relationship be-
tween the delay time of the feedstock stage and the delay
time of the product stage

1y =10+ wi(n)(l —x{y 1)) (2
Let Dy, be the average material flow rate through process
i(n), which is batch size B,,, divided by cycle time w,,,. The
average material flow through raw material storage, interme-
diate product storage, and finished product storage are de-
noted by DV, D/"* D and D/¥*D respectively. The over-
all material balance around the storage results in the follow-
ing relationships

L) [N + DI gitN+1)
m

(N +1 (N +1
DINFD =}’ ﬁ-’(%* )Di(N)= )y
i=1 k=1

li(m)l litn + DI

j(n+1) _ j(n+1 _ i(n+1
D+ = Z ﬁ((;?)Jr )Di(n)_ Z fi]((r:lrl))Di(nJrl)
i=1 i=1

(n=1,2, ..., N=1) (4)

o 3

15601 li)l

D= ¥ DIV~ ¥ D, ®)
k=1 i=1

Suppose that the size of storage j(n+1) is denoted by
1/ + D while the initial inventory of storage j(n+1) is de-
noted by V7" *1(0), and the inventory holdup of storage j(n
+1) at time t is denoted by V7" *D(¢), The inventory holdup
can be calculated by the difference between the incoming
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material flows from the supply processes and the outgoing
material flows into the consumption processes. Special prop-
erties of the periodic square wave function are required to
integrate the detail material balance equation, as can be seen
in the Appendix. The resulting inventory holdup functions
for raw material, and intermediate and finished product stor-
ages are

[kl t—tf®
j(1 j(1 1
Vi )(t) =i )(0) + k B]( )int 1(1)

. 1 t— tf® Iz(l)l o
+min ¢ 1,— res Tl (F5Biw)
pA t—l
e ((1)) 1 t_tl((ll))
X |int +min {1, —-res | —— (©)
o) x W)
li(m)!
! rsin+1 j(n+1
pitn+ )(t)_VI(nJr )(0)+ Z (fi/(n+ )Bi(n))
i=1
) 1
I Lt I P B L
x |int +min ¢ 1, =2 res
Di(n) Fitm) i
litn + DI t— t((n 1]1))
+1) i o
= X (A B ) [int | —
Pt i(n+1)
1 {— t§n+11)
+min {1, t res dnt?) (7
n+1)
Xitn+1) Din+1)
li(n)]
i(N+1 _i(N+1 N+
VINED () =V D0)+ 3 (AR "Biw)
i=1
N+1 N+1
i : ! o
x |int +min {1, (N+1) €s
Di(N) i) Ut
[mj(N + Dl t—tJN+D
_ JNHD g "
Y. B int w/ND
m=1
1 £ — N+
+min {1, D res SINTD) (8)
m m

The upper bound of the inventory holdup, the lower bound
of the inventory holdup, and the average inventory holdup of
Eqgs. 6-8 are calculated by using the properties of flow accu-
mulation function, as can be seen in the Appendix.

[ki(D]
VIO = ih(0) + (1 _ x,/}l))D,f}“w,{“)
k=1
[i(D] lil
Z D](l)t](l) + Z ﬁ((ll))Dz(l)tz(l) (9)
i=1
[ k(D]
Vljb(l) = Vj(l)(o) _ Z D}J{‘(l)tljc’(l)
k=1
li(l lil

- (1_xt('(ll)))ﬁ(l)DL(l)wl(l)+ Z .fl(l)Dl(l)tl(l)) (10)

i=1 i=1

1742

August 2002 Vol. 48, No. 8

[ k(DI (1_ /(1)) [ k(DI
Vj(l)_Vj(l)(())+ Z D[/{‘(l)wlfc'(l)_ Z Dljc‘(l)tljc’(l)
k=1 k=1
[l ( ((11))) lil
4 1
-2 ﬁ]((1))Dz(1)wz(1)+ 2 f; 11((1))Dz(1)tz(1)) (11)
i=1 i=1
li(n)
i(n+1) _ 17j(n+1 +1 +1
I/Lljl(7n )=y )(0)"' Z ( S(nrz) ))fzj((r;l) )Di(n)wi(n)
i=1
litm)l litn + DI
i(n+1 1 1
Z ij((nn)Jr )Di(n)tl((’;l;r )+ Z fj((nnfl)DL(nJrl)tl((r;li l)) (12)
i=1 i=1
li(m)|
i(n+1) _ 17i(n+1 bp 1
ViD=V 0) = B f Dty
i=1
litn + DI
1 1
- Z (1_xt((nn+:+1)) f]((ryfl)Di(nH)wi(nH)
i=1
litn + DI
1 1
+ Y z’((frfl))Di(n+1>t§(yZ++1)) (13)
i=1
li(n)! (1—x<"“>
i(n+1) _ 1/7i(n+1 i(n) )
yie D= pre oy + 3, szj((;) Dy @in)
i=1
litm litn + DI (1 (D)
1 1 l(n+1))
Z f/((r?)+ )Di(n)ti((’il;r )~ Z )
i=1 i=1
litn + DI
n +1
ij((r:l+1) t(n+1)wt(n+1)+ Z l(n+1)DI‘(’Z+1)tl((';l+1)) (14)
i=1
li(N)]
i(N+1) _ 1/i(N+1 N+1 i(N+1
VINTD =VINED0) + )] (1_)‘1(‘(N) ))fi]((N) )Di(N)wi(N)
i=1
li(N)] [N + DI
i(N+1) +1 i(N+ 1) j(N+1
Z i]<(N)+ Dt(N)tt(N) )+ Z D}‘{'l( B )t,’é b (15)
i=1 m=
li(w)l
(N+1) _ 1/j(N+1 N+1 N+1
Vl]b( D=y )(0)_ Z f:]((z\/)Jr )Di(N)tL((N-; !
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[mj(N + DI
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m=1
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where Eq. 9 is the upper bound of raw material storage, Eq.
10 is the lower bound of raw material storage unit and Eq. 11
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is the average inventory holdup of raw material storage unit.
Equations 9-11 are derived from Eq. 6 by using the proper-
ties of PSW model as shown in the Appendix. Equations
12-14 are derived from Eq. 7 and Eqgs. 15-17 are derived
from Eq. 8. Note that n=1, 2, ..., N—1in Eq. 7 and Eqgs.
12-14.

The purchasing setup cost of raw material j(1) is denoted
by A{Y $/order and the setup cost of process i(n) is denoted
by A, $/batch. The annual inventory holding cost of stor-
age j(n) is denoted by H/Y §/year/L. The annual capital
cost of process construction and licensing cannot be ignored
in the chemical process industries. In general cases, capital
cost is proportional to some power of process capacity. Typi-
cal value of exponent ranges from 0.3 to 1.2 (Peters and Tim-
merhaus, 1980). In this article, we will assume that capital
cost is proportional to process capacity in order to permit
analytical solution. The objective function for the design of
the batch-storage network is to minimize the total cost con-
sisted of the setup cost of processes, the inventory holding
cost of storage units, and the capital cost of the processes
and storage units.

OGO gt
— i(1 i1 i(1
Cc=Y Y 0 + ajPD]{De]®
j=1 k=1 %%
N litwl o
nn
+ X X + i) Digny @iy
n=1i=1 [ @i
N+1 Ljml
+ Z Z [HJ(”)VJ(")+ bf(")VS/(")] (18)
n=1 j=1

Where af") is the annual capital cost of the purchasing facil-
ity for raw material j(1), a,,, is the annual capital cost of
process i(n), and b/ is the capital cost of storage j(n). With-
out loss of generality, the storage size 17"+ will be deter-
mined by the upper bound of inventory holdup, VZ"*D,
Therefore, Egs. 9, 12, and 15 are the expressions for storage
capacities. The independent variables are selected to be the
cycle times w/", w,,), initial time delays ¢/, ¢{;), and aver-
age material flow rates D{", D iny- The 1n1t1a1 time delay
t{y P is converted into {)) by Eq. 2. Equation 18 can be
transformed into the following expression in terms of the in-
dependent variables by using Egs. 2, 9, 11, 12, 14, 15, and 17

LI THOIT 4im N il 4

k i(n)

=Y Y |om|tLl X [—}
. w ; ;

j=1 k=1 k n=1i=1 i(n)

+X X

OO ¢ pricd
( + bt(l))(l_ x,/((l)) + ai(l) D[/{(l)wljc(l)

j=1 k=1
LD 1@l N il
— Z Z (H1(1)+b1(1))DL(1)t1(1)+ Z Z al(n) ) Din)
j=1 k=1 n=1i=1
N il . [i(m] - Him
— —_ n
I n e )
[j(n+ DI Hin+ D
(1 X,((”,S])) '21 ﬂ((yf’)ﬂ)(T) D @iy
j=
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N il [ il
+ Z Z Z ](n)(Hj(n)+b/(n))
n=1i=1] j=1
[j(n+ 1D
— Z f/(n+1)(H1(n+1)+b1(n+l)) ,(,,)t,(’},))+constants
j=1
(19)
where constants are
N+1 il _ _ _
constants = Y, Y. (HI™ 4 pImypitn ()
n=1 j=1

- X X

[N+ DI |mj(N+1)|(Hj(N+1)
j=1

i(N+1 i(N+1 (N+1
. )(1—x;,g D) DIV DN+ D

m=1

[JN + DI Imj(v + 1)

+ X X

j=1 m=1

(HIN+D 4 pIN+ DY DIV DN+ (90

The inventory holdup V/")X(¢) should be confined within the
storage capacity. Sufficient conditions are 0 < V" < Vi{m <
VJ™, Since the storage size V/ should be determined
through this analysis, only the conditions 0 < V/{" are neces-
sary. The lower bounds of holdup Egs. 10, 13, and 16 are
given by the following inequalities

[ liD]
i1 i), 1 i1
v )(0)_ Z Dljc( )tljc( ) Z (1_xz('(1)))f;']((l))Di(l)wi(l)
k=1 i=1
lil
+ ) f (1) 1(1)tz(1)>0 (21)
i=1
litm)|
1 1
V]("+ )(O)_ Z t](nn)Jr )Dl(n z(n)
i=1
litm)|
+1 +1)
- Z (1 xl((nn) ))ﬁ}((:) Dt(n)wi(n)
i=1
litn + DI
1
- Z (1 xz((nnt1)))ﬁl((nn:1)Dz(n+1)a’,(n+1)
i=1
litn + D
1 1 _
+ Z tj((rizjl))Dl(nJrl)tL((nntrl))ZO (n=1,2, N-1) (22)
i=1
li(a)l
j(N+1 N+1
yInE )(0)_ Z f]((N)+ )DI(N) l(N)
i=1
li(n)]
N+1 N+1)
- Z ( t((N) ))fzj((N) Dz(N)wi(N)
i=1
[mj(N + DI
_ Z (1_ xir(lN+1))D’]n(N+1)w,]r£N+1)
m=1
[mj(N + DI
+ Z D,f,fN“)t,/,ENH)zO (23)
m=1
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The problem is defined as minimizing the total cost given by
Eq. 19 subject to the constraints of Egs. 3-5 and 21-23 with
respect to the non-negative search variables wj®, Wiy HD,
1) and DJ, D, . All of D, can be excluded from inde-
pendent variables when the product yield matrix ]‘L{(n”“) is
square and invertible, because they are directly determined
by Egs. 3—-5. The objective function (Eq. 19) is convex and
the constants are linear with respect to /", w,,,, and /",
1) it DIV, Dy, are considered as parameters. However,
the convex1ty about DJV, D, is not clear. At first, we will
show that the Kuhn- Tucker conditions with respect to w/®,
W,y and [V, (%) push the Egs. 21, 22, and 23 into equali-
ties and, then, we w1ll examine the convexity of the resulting
objective function with respect to D{"), D, after eliminat-
ing the other variables.

Solution of Kuhn-Tucker Conditions

The Lagrange multipliers for constraints of Egs. 3-5 and
Egs. 21-23 are denoted AJSN*D AL+ D QKD and AJD,
NPEDMNTD respectively. Here, /\/<1) MDAV are
requlred to take on non-negative values. We will add two
more terms resulted from the conditions D/’ > 0 and D,
> 0 to the Lagrangian for the mathematical consistency. The
corresponding Lagrange multipliers are A}, A;,, = 0 respec-
tively. The resulting Lagrangian is

[N+ D] li(a)I
— i(N+1 N+1 i(N+1
L=TC- Z )\ﬁ o Z J((N)+ )Di(N)_Dl( o
j=1 i=1
N-1 ljtn+DI li(n)
j 1 1
- Z Z /\ﬁn+ ) Z f]((nn)+ )Dz(n)
n=1 j=1 i=1
litn + DI
1)
- Z f:]((r:trl)Di(n+1)
i=1
[j] [i(D] linl
j(1 1
Z)‘g) ZDI()_ Zf(l) i(1)
j=1
[ il [ k(DI
_ Z AP Vf(“(O)— Z D/(‘(l),)gl)
j=1 k=1
lil lil

- X (1_xl((ll))).ﬁ((])Dz(l)wz(l)+ Y FDat)

i=1 i=1

li(m)l
)\%rﬁ— 1) Vj(n+ 1)(0) _ Z
i=1

N-1ljn+Dl

r X

n=1 j=1

litn + DI

+1
t]((r:l) )Dt(n) i(n) + Z
i=1

j(n+1) +1)
i]((rer l)Dl(n+ 1) l(ri‘l‘F 1)

li(n)|
+1 1)
- Z (1_xf(nn) ))ﬁ]((rfl) Dt(n)wi(n)
i=1

litn + DI
+1 +1)
- Z (1_xz(("n+1)) f/((nn+1)Di(n+1)wi(n+1)
i=1
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[N +DI li(n)]

L [ ORI WA
j=1 i=1

[mj(N + D)

N i(N+ 1) j(N+1
X Di(N)tf(N)) + Y DyVhgNTD
m=1

li(n)|

_2(1

i=1

(N+1))fj(N+1

iy )Ny P Diny @ivy

[mj(N + 1]

- L

m=1

(1_x5nN+1))Drjn(N+l)wrj;§N+l) (24)

[ D] &I N il

Z Z )\i(l)Dli(l)_ Z Z AiewyDicny

j=1 k=1 n=1i=1

Kuhn-Tucker conditions result in the following equations

(Reklaitis et al., 1983)
JdL _ . . N
W = — (H-’“) + b-’(l))Dﬂl) + )\h(;l)Dli(l) =0 25
dL A
Jof (w;('u))z

J(1)

D{V=0 (26)

H
+
. HI® ] . )
w}]{(l) ( + b](l))(l _ x,f((]))—l— a}((])

— (HID 4 pIOY O 4 DO — MO — Ak =0 (27)

+ bf(”)(l— D) + af®

Dj®

JL | il _ ) _
—r = Z (H’(")-l-b’(”))f,-f((,:'))
My | j=1
[j(n+ DI
— Z (Hf("“)+bf("“))f,!((,:’)“) Dy,
j=1
[l [j(n + DI
S| T M T AR Dy =0
j=1 j=1
(n=1,2,...,N) (28)
JdL A
= — +a., .D.
2 i(n) =~ i(n)
iy (@i
il ¢ grien
1
=) T (5 s (-
j=1
ljtn+ DI ¢ pricn+1
5}
X Z ( )fz]((ry)+ t(n)
j=1
| j(ml
1
+(1=x@)) X M+ (1= )
j=1
[j(n+ DI
XX MR DDy =0 (n=1,2, ..., N) (29)
j=1
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|](n)| Him
Di(n)[ —{(1-x{) X ( )ﬂ((rf'))
j=1

fj(n+1

|jtn+ DI Hin+D
( ) i(n) Di(n)

+H(1=x030) X
ji=1
[j(m)]

#{(1-a0) X

[j(n+ DI
+1 +1 +1
+ ( xl((nn) )) Z A )f}(n ) @iy

| j(ml |j(n+ D
+ Z (H/(n) + b’(”))ﬂ((,,")) _ Z
j=1 j=1

X (HI D 4 pitns U)ﬁ{(:)ﬂ)] ti((ril))

[ j(m)] [j(n+ DI
1 1 +1 +1
_ Z /\{},")ﬂ((,f))— Z )\}(n )f/(" )tl((n))
j=1 j=1
[j(m] [j(n+ DI
) ) e D) it 1
+ T - T A
j=1 j=1

= Ay T Qi) @iy | =0 (n=1,2,...,N) (30)
[kiCD
(1 i(1 i(1) 4 j(1
)\{1(,) i )(0)_ Z D/(( )ti( )
k=1
lil liwl
1 1 —
- Z (1_xl((1))) t]((l))Dt(l)wt(l)+ Z t]((l))Dt(l)tL((l)) =0 (31
i=1
li(ml
j(n+1 j(n+1 1
)‘;I(JnJr ) Vl(nJr )(O)_ Z fj(nJr )Dt(n) i(n)
i=1
li(m)|
+1 +1)
- Z (1 xt((nn) ))f;}((r:l) Dt(n)wi(n)
i=1
litn + DI
1
- Z (1_xz((nn+:+) t]((nnrl)Dt(n+l)wl(n+1)
i=1
litn + DI
1) 1 — —
+ Z flj(nn:I)Dt(n+l)tt(';1t~l)) =0(n=1,2,..., N-1)
i=1
(32)
li(N)I
i(N+1 i(N+1 N+1
/\{1(; B )(0)_ Z L]((N)+ )DL(N) z(N))
i=1
li(A)I
N+1 N+1
- 211 .fll((N)+ )( xz((N+) ))Di(N)wi(N)
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[ mj(N + D]
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|mj(N +1)]
+ Z Drj"l(N+1)t'j7£N+1) =0 (33)
m=1

Solving Eq. 25 gives
MSD = HIO 4 pi (34)

Solving Eq. 26 gives

) AiD

wl® = : « (35)

Dj®

HO ) . ]
( 5 +b/(1))(1—x,/((1))+a}((l)

Solving Eq. 28 gives
A = FI00 4 pim

(36)

Equation 29 can be resolved with respect to w,, after re-
moving some terms by inserting Eq. 36 into it

Oiny = Aw Ny G
Dl(n)q’t(n)
where
Ll ¢ piem
_ _ () j(n) i(n
Wiy = iy + (1= x) ‘21( +b )f,-’&))
P

+(1=xg30) X

|i(n+ DI ( i+ D
j=1

+ bj(n+l))f‘l{(;)+l) (38)

Equation 38 indicates that the inventory holding costs of all
storage units connected to a process influence the optimal lot
size of the process.

Since all the Lagrange multipliers are positive from Eqgs. 34
and 36, the initial delay times can be derived from Egs. 31-33

li(n)l
N+1 N) _ 1/i(N+1
h ﬁ]((N) )Di(N)t((N)) VINED(0)
i=1
[mj(N + D) [mj(N + D)
_ Z (l_xEnN+]))D'/rl(N+1)w']r$N+l)+ Z
m=1 m=1
li(n)l
i(N+1),j(N+1 N+1 N+1
X DINFDGNED — ¥ ) )( XN ))Di(N)wi(N) (39)
i=1
li(n)l
1 _pin+1
L i DDyt =V D(0)
i=1
litn + DI
- Z (1_xl((nn+:+ ) ]((nn++1) i(n+1) Di(n+1)
i=1
litn + DI li(n)|
1) 1 1
+ Z ]((nn:l)Dt(nJrl) L(’il:l) Z (1 xf(”nJ; )
i=1
1
ftj((;f)Jr Dt(n)wl(n) (n=1,2,..., N=1) (40)
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[ kj(D)] lil
X DO =VIOO) = T (1= 38) Dy o
k=1 i=1
lil
+ ‘Zl f‘z{(ll))Di(l)tt'((ll)) (41)
i

Note that Eqs. 39 and 40 give |j(n +1)| equations and |i(n)|
unknowns for each stage with respect to the initial delay times.
Equation 41 gives |j(1)| equations and |j(1)|x|kj(1)| un-
knowns. This additional freedom with respect to the initial
delay times will be removed after Proposition II.

The minimum value of the objective function Eq. 19 ob-
tained at the optimal solution Egs. 35, 37, and 39-41 is

_ [ 1kl
*TC(D[V, Dyy)=2 X X

ji(1
\/A]l()

|j(N+1)I(Hj(N+1) [mj(N + DI

—— b/(NH)) y

m=1

J()

H
— i@
(1 X, )( 5

N il
+2 2 X VD Ain¥in

n=1i=1

+ b0 | 4+ gf® | pj©

+
j=1

XD’jn(NH)w’]’SNH)(l_x{'gNH)) (42)

Global Minimum Point of Concave Objective
Function

The objective function of Eq. 42 is not optimized with re-
spect to D{", D, . Unfortunately, the relevant Kuhn-Tucker
conditions (Egs. 27 and 30) are not helpful because the ob-
jective function (Eq. 42) is concave with respect to DJ", D; .
To consider these, we will take an indirect approach. We will
introduce some terminology and some reasonable assump-
tions in order to find the global minimum.

Let I(n) (I=1,2, ..., |I(n)]) be the sets of processes with
the same product yield where |I(n)|=]|j(n+1)|. The pro-
cesses in set /(n) can be considered as a single process, be-
cause they produce the same ratio of products. The interme-
diate product average consumption rate with respect to the
process group set /(n) (Dy,,) is the sum of individual product
consumption rate of the process in set /(n)

Dyy= Y Dy, (n=1,2,...,N) (43)

i(n) € I(n)

Proposition 1. When li(n)|>|j(n+1)|, D/ can be calcu-
lated from D"* Y if the following conditions hold for n= N,
N—-1, ..., 1

(i) det (fiG")#0
(i) f15) = f1G) for iy(n), i,(n) such that

£y V=1 (44)
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[j(n + DI
Y. DD« cofactor of (f,f((,:')+ 1’)

-1
! >0

i) Dy, = -
( ) I(n) det (f/((;l)-#l))

Proof. Suppose that the processes with the same product yield
have the same feedstock composition, that is, f/li’,‘,)) = ﬁff(’j,)) for
i(n), i,(n) € I(n). Then, Eq. 4 can be grouped by set I(n). Dy,
replaces the sum of D, with respect to i(n) € I(n). Because the
product yield matrix f/((,f‘;r D is invertible, D,y can be calculated
from D"+ D by using Eq. 4. Also D' can be calculated from
D,y by using Eq. 4 because the processes in set I(n) have the
same feedstock composition. The condition (iii) comes from
D,y > 0 where D, is calculated by Cramer’s rule.

The meaning of the first condition of Eq. 44 is that the
number of process groups with a different product yield
should be equal to the number of products. When the num-
ber of process groups with a different product yield is less
than the number of products, Eqgs. 3—5 cannot be satisfied. In
this case, the number of considered products should be re-
duced to the number of process groups with a different prod-
uct yield. When the number of process groups with different
product yield is greater than the number of products, Egs.
3-5 cannot be satisfied, as well. In this case, the number of
process groups considered should be reduced to the number
of products. Even though the number of processes are greater
than the number of products, if some processes have the same
product yield and the number of process groups with differ-
ent product yield are still equal to the number of products,
D’™ can be calculated from D/""*1 under the condition that
the feedstock composition is the same for the process groups
with the same product yield. Process groups with the same
feedstock composition and product yield commonly occur in
chemical plants. The same processes can be built one after
the other in order to meet slowly increasing customer de-
mand. Some processes should be built in multiple units be-
cause they reach the capacity limit which originates from
technical and/or safety concern. In this article, the process is
characterized by the parameters of feedstock composition,
product yield, transportation time fraction, setup cost, and
capital cost. It is certain that the identical processes, which
have all the same parameters, can be considered as one pro-
cess. The processes that have the same feedstock composi-
tion and product yield, but have different transportation time
fraction, setup cost, and capital cost, called similar processes
and need additional analysis.

Under the assumptions of Eq. 44, Eqs. 3—5 are solved for
all D|, Dy, resulting in Eq. 43 and the following equation

[i(D]
Z D/{U) = pi® (45)
k=1

The objection function (Eq. 42) and the constraints (Egs. 43
and 45) constitute a new optimization problem with respect
to D[, D,,. The optimization problem can be completely
segregated into two parts with respect to variables D{"’ and
variables D;,,. The two parts of the optimization problem
have the same formulation and the resulting solution is sum-
marized as Proposition II.
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Proposition 11. Suppose a,, (p=1 2 ..., P) are positive con-

stants. The optimal solution of min Z a,\/z, under the con-
Zp p=1
P

straints Y, z,=Zand z,>01isz,« = Zand z, =0 forp + p*
p=1
with the optimal objective value of min ap\/Z where p* is se-
p
lected to be the minimum.
Proof. All feasible variables are confined within a hyperplane
P

C={z,) Y z,=Z and z,>0}. The last variable can be re-
p=1

moved by zp=Z7Z— Z z,. The objective function becomes

Yy ap‘/,z +apy /| Z— Y, z,. For any arbitrary two points
p=1 p=1
z},, ZI% € Cand 0 < 6 <1, the Jensen’s inequality provides

P—1 P-1 -
L apfozy(1-9)z = Zlal,(a 2 +(1-8)y/22 )
p= p=
P—1 - P—1
=8 Y /2l +(1-8) ¥ a,/22
p=1 p=1
P—1
ap\/z— Y (8zp+(1-8)z})
p=1

=ap\/5Z—
ol (2= 4] o[22 4]

Where the equalities hold when z,], = z;. Therefore, the objective
function is strictly concave for any positive integer P. Partial dif-
ferentiation of the objective function gives

P-1
Y z;,)+(1—3) Z -
p=1

P-1
ZZ,?)
p=1

2% = i (46)
p=1

Equation 46 indicates that the stationary point z);, which is the
maximum of the concave objective function, is unique and exists
strictly inside of the hyperplane C. The optimum (minimum)
point must be on the boundary of the hyperplane C and, there-
fore, at least one of the variables is zero at the optimum point.
This statement is true for any positive integer of P. If we apply
this statement one by one, we can reduce the number of possible
nonzero variables, and at last, one variable zp=27Z will remain.
Therefore, the optimum point consists of one nonzero variable
and all the other zero variables. The global optimum point will

be selected such that the optimum value is min o pﬁ .

p

Proposition II suggests that only one of the average mate-
rial flow rates in Eqs, 43 and 45 is nonzero and all the others
are zero at the optimum point
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Digyr = Dyy» DI = DIV (47)

where i(n)* is selected from the minimum of A,,,\¥,,, among
set I(n) and k™ is selected from the minimum of

)
+ pi®

i(1 j(1
Ai() +a1£()

(1—x,¢<l>)(

Equation 47 satisfies the Kahn-Tucker conditions (Egs. 27
and 30). The corresponding optimum value of the objective
function is

[ il
*TC=21Y,

j=1

H/O®
min { AIO] (1= xiDY —— + pID | + giD
X k ( k ) 2 k

N il

+2 Z Z Vt(nmln {Al(n) t(n)}Dl(n)

n=11-1 e ()

}Dj(U

N +D v+
+ (

- +bj(N+ 1)
-~ 2
j=1
[mj(N + DI
x Y D,]rfN+1)w']rEN+1)(1_x’/r(lN+1)) (48)
m=1

After calculating all D{, D, the optimal cycle times
are calculated by Eqgs. 35 and 37 and, therefore, the optimal
batch sizes can be determined. Finally, inserting Eqs. 39-41
into Eqgs. 9, 12, and 15 gives the optimal storage size

[ k(DI

R,
Y (1_x]/{< >)le(<1>w/(<)
k=1

* ij(l) =

lil

+ Z (1 - xz(1)) 1(11))D1(1)wi(1)
i=1

(49)

litn)l
* i(n+1) _ +1 +1)
V;j(" )= Z (l_xl((nn) ))flj((r?) Dl(n)wi(n)
i=1
litn + DI
+1 +
+ Z (1 xz((nnﬂ))) j((}'tn+l)Dl(n+l)wt(n+l)
i=1

(n=1,2,...,N—-1) (50)
_ li(n)]
*VSI(NH)= _Zl (1_x((1\1/v+)1))f/((1</v) )Di(N)wi(N)
i=
[mji(N + D]
+ Z (1_x£nN+1))D'/7'l(N+1)w'j75N+1) (51)
m=1

Optimal Design Procedure

From the results of the above optimization solution, the
optimal design procedure for the batch-storage network is
summarized as follows:
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(1) Arrange the processes and storage units in the network
structure as shown in Figure 3. If it is necessary, insert dummy
processes and/or storage units, which have no capacity and
no time delay. Serial processes without storage can be con-
sidered as one process. The storage units containing the same
material should be considered as one storage unit. If the
number of processes is less than the number of products, ag-
gregate some of the products. Calculate all average material
flow rates passing through the processes and storages by us-
ing Egs. 3-5. Choose only one process that has the minimum
value of A4;,,¥,,, among similar processes. Average material
flow rates can be determined by other methods such as linear
programming and can be considered as fixed parameters
without affecting the optimality.

(2) Identify all storage units connected to the process i un-
der construction as shown at Figure 6. Here j(1) represents
the feedstock storage unit and j(2) represents the product
storage unit. Prepare the necessary input data such as feed-
stock composition, product yield, transportation time frac-
tions, setup cost, inventory holding costs, capital costs and
average material flow rates. The optimal batch size of pro-
cess i is calculated by the following equation derived from
Eq. 37.

2(1) 3(2)
f; fi

Figure 6. Optimal size of batch process connected by
storage.

A;D;

*B :
HID

2

i [l
a;+(1-xM) ¥ (
j=1

The optimal lot size for raw material purchase is calculated
by Eq. 35 and only one supplier k that has the minimum value
of

J

H
— i@
(1 X, )( >

(1 j(1 i(1
Ai() + piD +af(()

should be selected.

(3) Identify all processes connected to the storage j, as
shown at Figure 7. Subscript i(1) represents the supply pro-
cess and i(2) represents the consumption process. The initial
delay times of each stage are sequentially calculated from the
finished product delivery time of the final stage using the fol-
lowing equation derived from Eqs. 39-41.

il ol _ il _
Y Dintiny— X Diptiy=V(0)— X Bij(z)(l_xz!(z))

i=1 i=1 i=1
(53)

where D}, Dj,, are the average material flow rate between
storage j and processes i(1) or i(2) and, that is, Dj; =
Diyfiay Diay= Diqy[fa)- Also, Bjy,, is the batch size of the
consumption processes, that is, Bj,) = By, fj2)- The optimal
size of storage j is calculated by the following equation de-
rived from Egs. 49-51.

linl li2)]

V=X (1_X{(1))Bz{1)+ X (1_xzj(2))Bi{2) (54)
i-1 i—1
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[i@]
+ bj(l))fl_j(l) + (1_ x§2>) Y

j=1

(52)

i@
( + bj(Z)) Fi®
2 1

Example Plant Design and Discussions

Consider a plant that produces three finished products from
four raw materials, as shown in Figure 8. The plant is com-
posed of three stages. The first stage has four raw material
storage units and two processes. The second stage has two
storage units and three processes. The third stage has three
finished product storage units. The customer demands of fin-
ished products are assumed to be constant for convenience,

J
BI(Z)

j j

. tz(l) D2(l) j

j —’

BZ(]) t3(2) DI.
! D/ . 3(2)
3(1) t!
i 4(2)
| L3

J
B!(Z

—
J
B3(1)

B

4(2)

|

Figure 7. Optimal size of storage connected by multiple
supply and consumption processes.
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99,360 liter/year
—

k=1 1(1)
201 $/order 0.1 $iyear
Niter
R w— A
25 $/order
./
% E | 40 %
30 $/order
k=1 | 24,240 liter/year
24,240 liter/
2 Shunied - VT
| vear
kZBM Niter ) 20 %
10 $/order i‘;?cf,'

30 %

15 $/order

192,000 liter/year

13)

0.65 $/year
Niter

2(3)
0.7 $/
yearl/liter

Ya 80 °/o= Al 41
3(2;
75$/(b;tch

168,000 liter/year

0.75 §/
year/
liter

o—odlie

2,400 liter/year

Figure 8. Example plant-input data.

although we can deal with arbitrary periodic demands. All
indices are numbered from the top equipment down, as shown
in Figure 8. All transportation time fractions are set to zero.
We will not consider for convenience capital costs. Raw ma-
terial 1(1) has two suppliers with order setup costs of $20 and
$25. The order setup cost for raw material 2(1) is $30 from a
single supplier. The inventory holding costs for raw materials
are 0.1, 0.5, 1, and 5 $/year/L, respectively. The first-stage
processes consist of chemical reactions which consume multi-
ple feedstock materials and generate multiple products with
different compositions. The compositions are denoted in Fig-
ure 8. The setup costs of first stage processes are 100 and 500
$/Batch. The second-stage processes produce only one prod-
uct with setup costs 75 $/Batch. Each product from each pro-
cess has its dedicated product storage. The inventory holding
costs of finished product 1(3), 2(3) and 3(3) are 0.65, 0.7, 0.75
$/L/year, respectively. The average demand rate for finished
products are 384,000, 168,000, and 2,400 L/year, respectively.
All demand patterns are constant. The first delivery of the
three products will be one year later. The differences be-
tween this example and the example treated in our previous
work (Yi and Reklaitis, 2000) are in the following: (a) this
example has multiple suppliers of raw material 1(1) and 3(1);
(b) this example has more than 2 stages; and (c) this example
has multiple processes to produce the same product.
According to the design procedure, all average material
flow rates through storage units and processes should be cal-
culated. Note that finished product 1(3) has two similar pro-
cesses 1(2) and 2(2). According to optimality, only one pro-
cess that has the minimum of 4,,,¥,,, should be selected,

1
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but, in this example, the average flow rates are assumed to be
equally split between two similar processes. The same is true
for deciding the average purchase rate of multiple suppliers
of raw material 1(1) and 3(1). Then, by using Egs. 35 and 52,
the optimal purchase or batch sizes of all processes are calcu-
lated. For example, the optimal lot size of raw material 1(1)

is
[ 2(20)(99,360
Bl = % = 6,304 L/Batch

The optimal batch size of process 1(1) is

5 2(100)(372,600)
OV (0.1%0.6+0.5%0.4+0.50.9+50%0.1)

— 3,612 L/Batch

After calculating the optimal batch sizes, optimal storage
sizes are calculated by using Eq. 54. For example, the size of
intermediate storage 1(2) is

V1@ =0.9%361340.7%3232+0.85%1833 4+ 0.85%1833
+0.8%1507+0.75*163 = 9958 liters

Since the first shipment to customers is supposed to take
place after one year, the latest startup times of all processes

can be calculated by Eqs. 2 and 53 in a backward network
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Figure 9. Example plant-calculation results.

direction. Note that these process startup times are opera-
tional variables. The optimal plant design is realized not only
by optimizing with respect to the design variables, but also by
optimizing with respect to the operational variables. The cal-
culated results are summarized in Figure 9.

The constraints for the optimal plant design used in this
study were that there is no depletion of storage materials
represented by Eqgs. 21-23. There can be many other con-
straints that can be considered in plant design. We will dis-
cuss some of them.

(1) The process capacity commonly has maximum and
minimum limits. These constraints are easily treated consid-
ering that the objective function (Eq. 19) is convex with re-
spect to capacity. If the optimal process capacity obtained by
the design procedure in this study is out of range, the nearer
extreme value is the optimal solution.

(2) When storage capacity is constrained by a maximum
value, an analytic solution may not be possible. Subsequent
research will follow on this subject.

(3) How can the procedure developed in this study be ap-
plicable to a continuous process? Theoretically, a continuous
process does not require a storage unit and the average ma-
terial flow rate is the capacity itself. However, as many stor-
age units can be seen in a major chemical plant, because most
continuous processes operate in a noncontinuous mode. Most
continuous processes require a regular shutdown for mainte-
nance, usually one month per year. Some bulk polymer pro-
cesses such as polyethylene and polypropylene operate in
block mode. The block operation means that the processes
operate continuously but they keep changing the product
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without turning the process off. The noncontinuous opera-
tion of such a continuous process can be modeled by using
the PSW model with additional timing constraints.

(4) Multiple packaged and/or solid products can be stored
in one warehouse. The capacity of warehouse is the sum of
the result calculated by Eq. 54 for each product.

(5) If the feedstock composition and/or product yield are
variable, the most conservative values should be used for ap-
proximation. The exact solution may require large-scale non-
linear programming in this case.

(6) The material transportation between processes and
storage units can be a bottleneck in the plant design. In an
actual plant, the capacity of a piping network among equip-
ment is mostly insufficient. Several vehicle types are used to
deliver the raw materials from long distance suppliers. The
vehicle traffic conditions may not allow the assumption of
constant transportation time fraction used in this study. This
can be addressed by adding virtual processes and storage units
with proper parameters.

(7) Although the optimality condition suggests that one
should select one supplier among multiple ones and one pro-
cess among similar processes in the same group, multiple
suppliers or multiple similar processes are unavoidable be-
cause of many other factors that our objective function does
not accomodate. When the lower bounds on the average ma-
terial flow rates of similar processes in the same group are
positive values, the selection guides suggested by Proposition
II are still valid with slight modification.

The global minimum point of concave objective function
subject to concave polyhedral constraints exists on an ex-

Vol. 48, No. 8 AIChE Journal




treme point. Therefore, the optimum average material flow
rates of similar processes or multiple suppliers take the lower
bounds except one process or one supplier.

Conclusions

This article determines the optimal sizes of batch pro-
cesses and storage units interconnected in a network struc-
ture. These results are useful for the conceptual design of a
multiproduct, multistage production and inventory system.
The PSW model introduced in our previous work (Yi and
Reklaitis, 2000) was used to effectively represent the material
flow between the process and storage unit. The objective
function for plant design includes minimizing the sum of the
process setup costs, inventory holding costs, the capital costs
of constructing processes and storage units, and the raw ma-
terial order setup costs. The constraints of the optimization
problem include no depletion of all material inventories in
storage units while meeting the finished product demand. The
Kuhn-Tucker conditions of optimality were solved analyti-
cally under the condition that the number of process groups
with a different product yield is equal to the number of prod-
ucts. A simple plant design procedure was proposed based on
the analytic solution.

The characteristics of analytic solution derived in this study
are as follows: The optimal size of a process in Eq. 52 is
determined by the balance between setup and inventory
holding cost. The capital cost has the same role of inventory
holding cost. The inventory storage units influencing the pro-
cess size are confined within the storage units directly con-
nected to the process, and the effect of each storage unit is
proportional to the average material flow rate between the
storage unit and the process. The optimal size of a storage
unit in Eq. 54 is the sum of periodic batch sizes coming into
or going out from the storage units. When there exist similar
multiple processes, only one process should be selected. The
optimal solution of the plant design involves not only deter-
mining equipment sizes, but also determining the timing of
the dispatching operations to meet the finished product de-
livery, as shown at Eq. 53.

The strength of this study comes from the simplicity of de-
sign equations in spite of a general plant structure that can
cover a large-scale supply chain. Simple design equations are
useful for a diverse situation at the preliminary plant design
stage. They will provide a very good initial guess when de-
signers use a sophisticated design algorithm at the detailed
design stage. The application of this study is not confined to
the plant design. This study will also contribute to the opti-
mal scheduling and operation of the large-scale supply chain,
including diagnostic analysis. The optimality and simplicity of
the analytical lot sizing solution opens the possibility for de-
signing self-optimizing, real-time scheduling and inventory
control systems of large-scale batch-storage network.
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Notation

af{V = annualized capital cost of raw material purchasing fa-

cility, dollars per unit of item per year

AIChE Journal August 2002

a;.,y=annualized capital cost of unit i(n), dollars per unit
of item per year

b7 = annualized capital cost of storage facility, dollars per
unit of item per year

AJD = ordering cost of feedstock materials, dollar per order

A;,y= ordering cost of noncontinuous units, dollar per or-
der

BjV'= raw material order size, units per lot

Bj,,,= noncontinuous unit size, units per lot

BJN* D= final product delivery size, units per lot
Di(”=average material flow of feedstocks/products, units
per year

= average material flow through noncontinuous units,
units per year

flim = feedstock composition of unit (1)

fiin+ D= product yield of unit i(n)

H/" = annual inventory holding costs, dollars per unit of
item per year
| k(1) | = number of raw materials
| j(n)] = number of intermediate products
[mj(N +1)| = number of customers for product j(N +1)
t/ N+ D= initial delay time of customer demand
1{(}) = initial delay time of feedstock feeding to noncontinu-
ous unit i(n)
tf(’;;')— initial delay time of product discharging from non-
continuous unit i(n)
/¥ = initial delay time of raw material purchasing
Vi = upper bound of inventory holdup, units of item

V/{™ = lower bound of inventory holdup, units of item

Di(lz)

Vi(¢) = inventory holdup, units of item
17iM(0) = initial inventory holdup, units of item
V" = storage size, units of item
1/ = time averaged inventory holdup, units of item

xf¥ = transportation time fraction of purchasing raw mate-
rials
xf(”n))— transportation time fraction of feeding to noncontin-
uous unit i(n)
transportation time fraction of discharging from non-
continuous unit i(n)
xJ{N*+D = transportation time fraction of customer demand
z, = nonnegative variables used in Proposition II
Z = a constant used in Proposition 11
= positive parameters used in Proposition II
A" = Lagrange multipliers
A = Lagrange multipliers
0Nt D = cycle time of customer demand, yr
] = cycle time of raw material purchasing, yr
w;,y = cycle time of noncontinuous units, yr

W, )= defined by Eq. 38

+1)
xf(nn) )=

Subscripts

i(n)= noncontinuous unit index of nth stage
I(n)=similar process group index in nth stage
k = raw material vendors
m = finished product customers

Superscripts

j(1)= raw material index
j(n)=intermediate product index of nth stage
J(N +1)= final product index
p = used in Proposition II
n=stage index based on inventory point

Special functions

int[.]= truncation function to make integer
res[.]= positive residual function to be truncated
u(.)= unit step function
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Appendix: Periodic Square Wave Model

Consider the storage connected with only one supply pro-
cess and one consumption process in Figure 5. The differen-
tial material balance around storage j(n + 1) in Figure 5 con-
sists of a simple ordinary differential equation that includes
the periodic square wave flow functions. The integration of
the material balance equation gives

VieED( 1) =Vf("“’(0)+leu(T)dT —fth(T)dT (A1)
0 0

where V7" D(¢) and V7" D(0) are the current and initial
inventory of storage j(n+1) and F,(¢) and F,(¢) are its in-
coming and outgoing material flows. Each integral can be cal-
culated by directly taking into account the periodic square
form of the functions F,(¢) and F,(¢). In order to develop the
first integral, as shown in Figure Al, for the given time ¢, the
number of complete cycles are given by int[(r — £{,} V) /w;,)]
and the mass corresponding to the completed cycles is
f/((,f)" 1)Bl(n)mt[(t - tl((”n;' Y/w;,,]. For the remaining time res[
— 13 Yy, which is less than one cycle in length, there

are two cases to consider. If res[(t — £{(,} '//w; )] is larger than
x,‘(”n;’ Y, another full cycle has to be added to (f/," By, int[(¢

150y Vw1 I it is less than x{(} ", the hatched area within

the cycle, shown in Figure A1, which is equal to
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Figure A1. Integration of periodic square wave material

flow.

CFESH T DBy, /i Dresl(t — 17 V/wy,,)), has to be added.
These two cases can be combined into one expression using
the min{.} function.

f W(T)dr =

PREMCESY 1
X |int — M 4 min 1, CESY)
Wi(n) Xi(n)

1
(£ "Biw)

t—to
res (A2)

Wiy

The second integral of Eq. Al has the same form. The stor-
age j(n+1) in the network structure, as shown at Figure 4, is
actually connected with |i(n)| supply processes and |i(n + 1)
consumption processes. Each supply or consumption material
flow can be represented in the same as Eq. A2. The complete
form of the inventory holdup equation is the sum of these
supply and consumption material flows

li(n)
Vj(n+l)(t)zvj(n+l)(0)+ Z (
i=1

1
1 ( t—t{ish )
res

+1
:((nn) ) Wi(p)

+1
i
Wi(p)

- )
i/((,f’)+ )Bl(n)) int (

+min {1,

litn + DI

1)
j(nJrl)B . t tl(n+l)
- X (fi(n+l) i(n+l)) mt | ——

i=1 Di(n+1)

+min {1, i T

+1
1 t—tit )
(&)
i(n+1)

) (A3)

Win+1)
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time average = z + (1-z,)/2
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upper bound = z+1 -z,

lower bound = z
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Figure A2. Bounds on flow accumulation function.

Equation A3 corresponds to Eq. 7 in the main text. Equa-
tions 6 and 8 in the main text can be obtained as the same
way. Equation A3 includes a basic functional group, called
the Flow Accumulation Function

f(z)=int[z]+min{1,zlres[z]} (A4)

1

The flow accumulation function has the following useful rela-
tionships

z<f(z)<z+1-2z (AS)

A linear function L(z) such that

1-2z,

min [*1(2) = L(2)ldi =z + (A6)

These equations are obvious from Figure A2. The
uppet/lower bounds and time averaged inventory holdup of
Eq. A3 is easily obtained by using Eqs. AS and A6

li(m)!
VI D=y )+ 3 (1= x@3 D) A5 PDyn @4
i=1

litm)] litn + DI
j(n+1 +1 j(n+1 1
- X ﬂ(% )Di(n)ti((’:z) '+ ﬂ((,f+1)>Di(n+1)tf(L;++1)) (A7)
i=1 i=1
li(m)|
i(n+1) _ 1/j(n+1 (n+1 1
VD =pI0 D0y = 3 fi Dty P
i=1
litn + DI
+1 i(n+1
- Z (1_xz((nn+1)))fil((nn+1))Di(n+1)a’f(n+1)
i=1
litn + DI
j(n+1 +1
+ ) fz‘]((rf+1))Di(n+1)tf(rZ+1)) (A8)
i=1
Lt (1 (n+1)
— x¢
i(n+1) _ 1/j(n+1 ’("))'+1
pie D= it )(0)"' Z 2 fij((nn) )Di(n)wi(n)
i=1
li(n)! litn + DI (1 (n+1)
— ¢
i(n+1 +1 l(’”l))
- X FIG T PDy iy Y = > >
i=1 i=1
litn + D
int1 j(n+1 +1
Xﬁ']((nn+1))Di(n+1)wi(n+1)+ > f;’j((r:l+1))Di(n+1)t}(r;1+l)) (A9)

i=1

Equations A7-A9 correspond to Eqgs. 12—-14 in the main text.
Equations 9—11 and 15-17 can be obtained as the same way.
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